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OSCILLATQRYSTABILITYOFA lHNTIWHCAL

A3RPm AT SUPERSONICSPEEDS

By LeonardSternfield

smMARY

A theoreticalinvestigationhasbeenmadeto deteminetheeffect L
ofautomaticstabilizationonthelateraloscillatorystabilityof a
hypotheticalsupersonicairplane.Theinvestigaticm,..cludedan automatic
pilotsensitivetoa displ.acmentIneitheryawor.roll.andenauto-
matippilotsensitiveto eithertheyaxingorrollingangularvelocity..
Thecalculatimswere@e foreachtypeofautomaticpilotactinginde-
pendentlyoftheothers.An idealizedcontrolsystemwithoutlagwas
assumedforthecalculatimm.

Theresultsoftheinvestigationindicatedthatalltheautomatic
pilotsimprovedthestabilityoftheoriginalunstable8hor&periodoscil-
lation.Theonlyoneof theautomaticpilotswhichresultedinan osci&
lationthatsatipfiedthe?ACAsndmilitsrycriterionsforsatisfactory
damping+eriodrelationship,however,isanautomaticpilotsensitiveto
theyawingangularvelocityandgearedtotheruddersothatrudder
controlisappliedinproportiontotheangularvelocity.

mommmo~

Thelateral-stabilityboundariescalculatedinreference1 indicated
thatforhigh+peedairplanesdesignedwithhighwingloadingsandswept+
hackwingsmoredirectionalstabilityisrequiredforoscillatory
stabilitythenforanairplanewitha stiaightwingandlowerw5ngloading.
Subsequentlateralstabilityinvestigations(references2 and3) showed
thatthedirectionalstabilityrequiredforoscillatorystabilitymay
be reducediftheprincipallongitudl~axisoftheairplaneis inclined
abovetheflightpath. Additional,unpublished.,dynamic+tabilitycalc~
lationsontheeffectofanautomaticpilotwhichgivescontrolpro- “
portionalto theangulardisplacementin eitheryaworroJlor anautomatic
pilotwhichgivescontrolproportionalto eithertheyawingorrolling
angulsrvelocityalsoindicatedthattheuseoftheautomaticpilotpermits
a reductioninthedirectionalstabilityrequiredforoscillatorystability.
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.

Thesecalculationsfortheeffectoftheautomaticpilotweremadeat
thetimethetheoreticalinvestigationreportedinreference3 wascarried
out,buttheresultsofthecalculationswerenotpublishedthenbecause

o

thestabilizingeffectthatwouldbeobtainedbyincliningtheprinoipal
@s abovetheflightpathwasbelievedtobe sufficientto obviatethe
necessityof installingan automaticpilot.Recentlateral-stability
analysesof several&planes haveshown,however,thattheoscillatory
stabilityisnotsatisfactoryevenwhentheprincipalaxisisinclined
abovetheflightpath.Theuseofanautomaticpilotthereforeoffers
anothmmeansforimprovingtheoscillatorstability.

SYM60LSANDCOEFFICl13N!H

7

%

angle ofroll,radians

angle of yaw, radians

angleofsideslip,radians(v/V)

yawingangularvelocity,radianspersecond(iDJ/dt)

rollingangularvelocity,radianspersecond(d@/dt)

sideslipvelocityalongtheY-axis,feetpersecond

airspeed,feetpersecond

massdensityofair,”slugspercubicfoot.

()
1+dynamicpressure,poundspersquarefoot ~

wingspan,feet

wingarea,squarefeet

weightofairplane,pounds

mase oftirplane,81u438(W/g)

accelerationduetogratity,feetpersecondpersecond

relative4ensityfactor(m/&b)

inclinationofprincipallongitudinalaxisofairplane
withrespectto flightpath,positivewhenprincipal
axisisaboveflightpathatthenose,de~oes

angleofflightpathtohorizmtalSs, positiveina
clinib,degrees

radiusofggrationinrollaboutpfiincipsllongitudinal
axis,feet

_. -. - ~,— ——–——— ——-
..-..- .’. ,’,



;,.., .,..,. .
,., ..

—— —

I

%zO radiusof~ation inyawaboutprincipalverticalaxis,
feet

=X. nondimensionalradiusof~ation inrollaboutprincipal
longitudinalaxis(~p)

nondimensionalradiusof~ation inyawaboutprincipal
verticalaxis(%) ‘

1
i

i

‘1L

Kx nondimensionalradiusofgyrationinrollaboutlongi–
tudinalstabilityaxis

(J=
&co132q-!-K&in2q )

Kz nondimensionalratiusofgyrationinyawaboutvertical.
stalilityaxis

(J
Kz 2COS2~ + K~2sin2~

Q )

nondimensionalproduct+of-inertiaparemeter

((KZ02- )
K~2)sinq COS q

(rolling+no~tcoefficient‘O1liw
)

momen%
qsb

yawing+mnent

lateral-force

coefficient

coefficient

(-Ya )moment

(@b

( )Lateralforce
@

effective+ihe@alderivative,rateof changeofrolling-
nmmentcoefficientwithangleof sidesli~perradian
(ac2/a3)

directianal+tabilityderivative,rateofchangeof
yawing+mnantcoefficienttithangleof sideslip,per
radian(MJM3’)

lateral-forcederivative,rateof changeoflateral-force
coefficientwithangleof sideslipjperradian
(amfi~)

damping-in-yawderivativeduetotheairplane,rate
changeofyawin.g+nomentcoefficientwithyawing-

( m)
angular-velocityfactor,perradian*
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-Q3-ti-mw derivativeduetotheautomaticpilot
,

rateofchangeofya~mt coefficientwithrolli.ng-

angul-velocityfactor~perrtia
@&)

-@-@ro~ derivativeduetotheairplane,rateof
changeofroUing+nomentcoefficientwithrolling-

@eveloci@ factor,perradian@&!j)

@J@w-ti+o~ derivativeduetotheautomaticpilot

rateofchangeoflateral-forcecoefficientwithrolli.ng–

angul-velocityfacto$perradian
(%+!)

rateofchangeoflateral-forcecoefficientwithyai41ng-

(F)
angular-velocityfacto~perradian&2y J

.

t coefficientwithyawing-rateof changeofrolJ_ing+omen
angul~velocityfactor,perradian

(/)
acz*

rateofchangeofyawing+omt coefficientwithangle

ofyayperradian
()
~

I

rateof changeofro

‘T

mat coefficientwithengle

ofya~perradianM+

rateof changeoflateral-forcecoefficientwithangle

(- )
acy

I
bfyaw,perradian— 1.

rateof change

ofroQper

rateofchenge
ofrouper

iaq]

pfyawin

6

meritcoefficientwithangle

‘ati= ~

+momentcoefficientwithangleofrolMng

c)
radian+$
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rateofchangeoflate@.force

()my
of rol&perradian

T
rateofchangeof

deflecti~per

rateofchangeof
deflecti~per

rateofchangeof

deflecti~per

rateofchangeof

deflecti~per

rateofchangeof
deflecti~per

rateofchangeof

deflecti~per

yawing+ommt

radian
()
%
&r

ro tT~radian*

.

5

coefficientwithangle

coefficientwithrudder

coeffioiantwithrudder

lateral-forcezoefficientwithrudder

()
raddan%

&r

t coefficientwithaileron

T)
%radian—
&a

ro

T

t coefficientwithaileron
radian

&a

lateral-forcecoefficientwithaileron

radian~
() a

contiol+earingratio,rateof
tionwithangleofyaw

control~earingratio,rateof
tim withangleofqolJ

control~eeringratio,rateof

changeofrudderdeflec-

changeofailerandeflec-

changeofrudderdeflec-
tian withyawingangularveloci~

control~earingratio,rateof changeofailerondeflec-
tionwithrollingangularveloci@

time,seconds

non&hUenSiOD&l~ pemmeterbasedonspan(Vt/b)

diffexwntialoperator—
&
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RI

R2

P

%/2

%/2

A,B,C,D,E,F

Routh~Ediscriminantfora quinticequation

Routh$sdiscriminantfora quarticequatim

periodofoscillation,seconds

timeforamplitudeofoscillationto chengeby factor
of2 (positivevalueindicatesa decreasetohalf
amplitude,negativevalueindicatesan increaseto
doubleamplitude)

nunberofcycles‘requiredforamplitudeofperiodic
modeto changeby factorof2 (positivevalueindicates
a decreasetohalfemplitude;negativevalueizilicate3
an ticrea8eto defileemplitude)

coefficierltsoflateral+tabilityequations

SCOPEOFINVETIGATIOI?

Theoscillatory-stabilieboundarieswerecalculatedfora hypo-
theticalairplaneto showtheeffectontheoscillatorystabilityofan
automaticpilotwhichgivescontiolproportionaltotheangulardisplace-
mentin eitheryaworrolloran automaticpilotwhichgivescontrol
proportionalto eithertheyawingorrolJingangularvelocity.Thecalck
lationsweremadeforeachtypeofautomaticpilotactingindependently I
oftheothers.An idealizedproportionalcontrolsysteminwhichleg
effectswereneglectedwasassumedforthecalculatims.Therelation-
shipofthecalculatedboundariesto themotionoftheaircreftwas
investigatedbydetermini%theperiodanddampingoftheoscillatory
modeandthedampingoftheaperiodicmodefromtherootsofthecharac-
teristiclateral+tabilityequation.

Themassandaerodynticparametersofthehypotheticalairplane
inthecruisingccdltionarepresentedintableI. Theresultsofthe
calculationspresantedarebasedontheassumptionthattheproductof
inertiais zero.

●✌

✎
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EQUATIONSOFMOJIHXV

Thelinearizedequationsofmotion,refereedto stabili@axes,
forth6conditionofcontrolsfixedare:

Rolling .

2pb(Kx2%29’+ %z%2 ‘$= %J + *2pw’ + @2r% ~

(1)

Yawing

2.,(%%2*+ %Z%2#) = %@ + &%@ + &n@3*

Sideslipping

,2Kb(%~ + % $ = @ + ~fid + ~d + ~~~

+
@

tan~l#
)

hs~
.

When @oe. issubstitutedfor ~,~oeksb ?Vs~for v, and Foe
for P intheequationswrittanh determinantform,L mustbe a root

ofthestabilityequation

AX4+BA3+CX2+DL+E.0

where

A = 8pb3(Kx~2- Kn2)

– Kx2cyr%p+‘m%rczp)

,
. ..-— .—.-——__ —.— .—. . .——. .—__
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D = - @#&yp

‘2~@J_&2C@

E= $+1.#zp–Czrcnp)+* tan 7 (m&n,- %%)

If anautomaticpilotsensitiveto a displacement

7 + ~ 2J@’Yr

in yawis
installedintheairp~e andruddercontrolisappliedinproportlanto
the di~plaoemant,ti gtab~~ deri~ti~eg%$,”-CZ$,~d- ~~ are

introducedtntoequations(1). Thesederivativeswillbe functions
of ~r, c25# =a Cy%,respectively,

a?ratio—; thatis,
a$

Normally forpresent-dayairplanef3,c25r

eqwtions
involving

stabili~

wherethe
presented

forc

forD

(1)willthereforebe simplified

andofthecontrol~eering

and cy6r aresmall.;

byneglectingtheterms
%$ end Cyv. E %* appears in equations(l),the,
equationbecomes

Ak5+Bk4+ cX3+~2+lX+F =0

followingtermsareaddedto thetermsofthecoefflciente
preciously:

- k+x2%~
~bczCn + 2Lb%2%pcn~P*

i

“’

*

?!

.
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. forE

forF
I %%P%*!

Iftheautomaticpilotismadesensitiveto a displacementinroll
andifaileroncontrolisappliedinproportionto thedisplacement,the
derivativesCZ , C@ ~, and Cyq areintroducedintoequations(1). These
derivativeswilJ_be functionsof CZ5a,~a, ~d Cyba,respectively,

&aandofthecontrol-gearingratio —.
M

Thederivative~a and Cyba

wereassumedtobe small;therefore~’thederivatives.%
and Cyd will

.

be neglectedandanlythederivativeCt
@

willbe taken’intoaccoktin

equations(l). Thecoefficientsofthe6tabilityequationwilJthen
includethefollowingadditionalterms:

forC

forD

forF
%- 7 Vnpc2$3’

Forthecasesoftheautomaticpilotdesignedto givecontrolpr~
portionaltotheyawingorrollingangularvelocity,onlythederivatives
forda?npinginyawandrold.%%

and c wereassumedtobe effectively

increased.Actually,thederivativesc2rS%r S %lP,‘d Cyp we
affectedlythistypeofautomaticpilot..Theeffectoftheautomatic
piloton c2# CYrs%@ and Cyp,however,wasneglectedbecausethese

derivativesarefunctionsof C25s Cybrj~a> ~d Cybajrespectively,r
ti ofwhicharenormallysmallf&?presen~ airplanes:Thederiva-
tive C

%
waseffectivelyincreasedwhentherudderwasassumeddeflected

- -. .- - _.. .—— —-——. - . .—. ——.———— .—---- . . -
.
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inproportionto theyawingangularveloci~,whereas

ivelyincreasedwhentheaileron
to therollingangularvelocity.

duetotheautomaticpilotare

and

ACZP= C26
a

..

wasassumeddeflected
Theexpressionsfor

/

~S ANDDISCEX310N

.Figurel-clearlyshowsthattheprobablerangeof

c~ was effec&
P

inproportion

% and Cz
P

cnp, c2p co*i-
nationsforthehypotheticalhig&epeedairplaneislocatedalmmt
entirelyintheoecillatoril.yu&able regi&. Thisboundaryrepresents
thecaseinwhichtheprincipallongitudinalaxisisalinedwiththe
flightpath;therefwe,theproductof inertiais zero.Theeffectof
automaticstabilizationontheneutrel-oscillatory+tabilityboundaryis
presentedinfigures2 to 5. In eachfiguretheordinateisthe
directional-stabili~derivativecnp andtheabsciesaisthestability
derivativeintroducedbytheautomaticpilot.Thecurveson eachfigure
representthreedifferentvaluesoftheeffective4ihedralderivat~vec@.
Thecontiol~earingratiois alsoplottedas abscissainfigures2 to5
to indicatetherelationbetweenthecontrol~earingratioandthe
stabili~derivativeintroducedby theautomaticpilot.Thecontiol-

*r &a *, ~d &agearingratios— — — —
a~’a$’a+

werecalculatedon theassumption
@

that

~ =-0.1
r

and

T

AutomaticPilotSensitivetoDisplacementinYaw

Iftheautomticpilotis sensitiveto a displacementinyawand
ruddercontrolisappliedinproportionto thedisplacement,thederiva–
tive ~ti isintroducedintotheequationsofmotion.Thelateral–
stabilityequationnowbecomesa quinticequationas shownintheprevious

,.

.

● 1

.
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sectionentitled‘fEquationsofMotion”.Thenecessary andsufficient
conditionsforcompletestabilityfora systemwhichresultsina quintic
stabilityequationaxederivedinreferance4 andarealsopresantedin
reference5. A simplederivationofthenecessaryandsufficientcondi–
tionsforneutraloscillatorystabilityandforcompletestabilityis
givenintheappendix.Thenecessaryandsufficientconditionsfor
neutraloscillatorystabilityarethat

Rl = (BC–ADJ(DE- cF)- (BE-AF)2 = o

andthat BE -AF and.BC –AD areofthesamesign.Thenecessary
andsufficientconditionsforcompletestabilityarethatthe coeffi–
cientsA,B, D, and F be positive,R1 >0, and BE –AF >0.

Figuresa(a)to 2(c)Showtheneutral-scillatory-tabilityboundary
R1 =0 andthecurveBE-AF = O plottedas a functionof ~

or ~
P

and @

~ for CZP= -0.10,-0.30,and-O.50,respectively.On theshaded

sideof BE – AF = O,theairplanehasatleastonemodeofmotionwhich
isunstable.Thesignificanceofthehountiy R1 = O locatedonthe
shadedsideof BE - AF = O iE stillvalid;thatis,a stableoscilla-
tionbecomesunstableuponcrossingtheboundary.A clearerrelationship
betweentheboundaryR1 = O andthestabilityoftheairplqnemotion
maybe obtainedfroma studyofthedampingandtheperiodoftheoscil.la–
tionandthedampingoftheaperioticmodesobtainedfromtherootsof
thequinticlateral-tabilityequation.Theresultsarepresentedh
tableII(a)forthecaseof Czp=-0.1 at k~ =0.1~ ~d Cnp= 0.55

forseveralvaluesof ~W. ForpointA infigure2(a),whichcorre-
spondstothepointat thevaluesof Cl

B
.+.1, ~p =0.15,

and (&Y= O,therootsofthestabilityequationindicate& unstable
shor&periodoscillatim,twosubsidingaperio~cmodes,anda zeroroot.
Thezerorootmeansthattheairpl~eisinsensitiveto displacementsin
yaw. As %$ isincreasednegativelyfrompointA to pointB,a atible

long-periodoscillationisintroducedb.additionto theunstableshort-
periodoscillationandonesubsidingaperiodicmode. Passingthrough
theboundaryR1 = O,frompolntBtopointC, causesthestablelong–
periodoscillationtobecome,unstable,butdoesnotappreciablyaffect
theothermodesofmotion.Twounstableoscillatorynmdesofmotionnow
exist.As %1~ isfurtherincreasednegativelytopointD, theinsta–,
bilityoftheshort-periodoscillationis reduced;whereastieinstability
ofthelong-periodoscillationincreasesanditsperiodis shortened.
Crossingthrou@theboundaryR1 = O topointE causestheshortiperiod
oscillat.~ontobecomestable;however,as ~$ continuesto increase
negatively,thedampingoftheshort-periodoscillationdoesnotimprove
sufficientlytomeetcriterionsforsatisfactorydynamicstability(as
describedsubsequently).Thisconclusionforlargenegativevalues .

——-.= . _ —-...~- .— .—— —-.. -. .
., . .,.
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of Cn~,wherecross<oupling
consideringQV – ~P to

systemaE expressedby the

[
2*2%2

be

NACATN NO. 3-82.8
.

effectsarenegligible,couldbe checkedby
thespringccmstitinthemass-springd.ashpot .

on~egr~f-freedom equationinyaw

-&% -(%q-Gnp)]*=o
An increaseinthecanstantterm ~ ~ - ~P oftheequationreducesthe

periodoftheoscillation,butdoesnotaffectthedamping.

The resultspresentedintableII(a)for CZP= -0.1 aud &P = 0.55
whenusedin oonjunctionwithfigure2(a)indicatethatuponcrossing
thoughtheboundaryRI = O thelan&periodoscillationbecomesunstable.
As ~W is increasednegatively,boththedampingandtheperiodofthe
short=periodoscillationvaryslightlyandin suchmannerthatthenunib= ,
ofcyclesrequiredto damptohalfamplitudeC1/2 fSappro~tely
constant. Withincreasinglynegativevaluesfor ~V, thelcuv-period .
oscillationbecomesmoreunstableanditsperiodisreduced.

Theresultsofthesecalculationsforthehypotheticalairplane,
therefore,indicatethatanautomaticpilotsensitiveto a displacement
inyawdoesnotsubstantiallyimprovethestabilityoftheshort-period
oscillaticm.

AutomaticPilotSensitivetoDisplacement.inRoll

Iftheautomaticpilotis sensitiveto a displacemmtinrolland
aileroncatiolisappliedinpropotiiontothedisplacement,the
derivativeC2~ isintroducedintotheequationsofmtion. Inthe

presentanaly&, levelflightis assumedor 7 = 0° andthestabili~
equationis,therefore,a quartic.Thenecessaryandsufficientcondi–
tionsforneuimaloscillatorystabilityarethat

R2 =BCD-&-B2E=0

●

andthatthe coefficientsB and D areofthesamesign(reference6).

The neutral-scillatory+tabilityboundaryR2 = O ispresented
infigure3 for Czp= -0.10,-0.30,and-0.50.Thecompletecurves ‘
of R2 = O for Ctp= -0.30and-0.~, however,erenotshownin

figure3. Actually,thecompletecurvesforthesevaluesof Czp are

similarin shapetothecnrvefor Cl
P
= -0.10 andintersecttheline

..— .—— - -.
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of Cz
$
= O atvaluesof

TheboundariesR2 = O in
%P greaterthan
figure3 indicate

13

thoseplottedinfigure3.

thatwhentheoscillation
isunstablefor C2

$
= O, oscillatorystabilityisobtainedas Cz

#
exceedsthevaluecorrespondingto a pointontheboundaryRa = O.
Iftheoscillationisstableat C2

~
= O, oscillatorytnstalilitywill

occurfora limitedrangeofvaluesof Czq asprescribedby the
boundaryRa = 0. FurthernegativeincreasesIn Cl , however,willagain

$
resultinoscillatorystability.Thedampingandperiodrelationshipof
theoscillatorymodesfor C2P=-0.10 and Cnp= 0.15and0.45are

presentedintableIX(b).ForpointA infigure3,whichcorrespondsto
thepointat thevaluesof Cnp= O.1~ ~d C2#= O,therootsofthe.
stabilityequationindicatean unstableshort=periodoscillationandtwo
subsidingaperiodicmodes.J% C74 is increasednegativelytopointB,

thetwosubsidingmodescombineto forma stableshor~periodoscillation.
BetweenpointsA andB, theboundaryfortwoequalrootsoccurs,beyond
whichtwooscillatimsexist(reference6). Uponpassingthroughthis
boundaryof equalroots,theperiodofthenewlyformedoscillationis
verylong,butitrapidlydecreasesas indicatedby theresultsofthe
calculationsatpetitB wheretheperiodisapproximately4 seconds.
crossingthroughwe bounky R2 = O,frompointB topointC, causes
theoriginaloscilJ.ationtobecomestable.AE C2

#
conttnuesto increase

negatively,theperiodofoneoftheoscillati-remainsconstantand
itsdampingdecreasesslightlywhereastheperiod’oftheotheroscillation
decreasesanditsdampingincreasesslightly.Forbothoscillations,the
nuniberofcyclesrequiredto damptohalfamplitudecl/2 ticreases

as Cl increases.Forlargenegativevaluesof C2 , theperiodand
$ $

dampingof eachoscillaticmmaybe approximatedhytheone+degree-of-
freedomequationsofmotioninrollandyaw;

Rolling

(
4@*2

Yating
@b@l?

where

Thusit iS seentht ~ C2
fl

— #)52p-c2 @’o

-y%pb-%J$=o

cnq=-cnp

increasesnegatively,thesystemactsas

iftwoindependentmass-prm dashpotsystemswereinoperationwithout.
anycrose-couplin.geffects.ThederivativeCl$

actsinthecapacity

,

— .—.- —. ..- .—- . - — — —— _._—-..—- —— . .._.A_. .——



of a springconstantandtheperiod,therefore,variesinverselywith Cz .
fA comyerisonoftheresultsintableII(b)for C% = 0.15 and C% = O. 5

at Cz
@
= ~.0~, ~.10, and-0.20 clearlyshuwsthattheoscillation

describedby theroll% equationisap~oxhatelyindependentof %P ●

Forsmallnegativevaluesof Cz , theeq”ntionsofmotionforthethree
$

degreesoffreedominvolvedinlsteralmotionmustbe solvedsinmltan~
ouslyto deteminetheperiodanddampingofthemodesofmotion.

Thusanautomaticpilotsensitiveto an angulardisplacementinroll
stabilizestheorighalumstableosc~ationandintroducesanadditional
stableoscillatorymodewitha shorterperiodthantheoriginaloscil-’
lation;however,’throughouttherangeof C2@ theperiodanddamping
relationshipofatleastoneoftheseoscillationsmaybe objectionable
to thepilot.

Automatic

Anothertyp of

PilotSensitivetoRateofDisplacement

automaticpilotincludedintheinvestigationwas
onesensitiveto eithertheyawingortherollingangularvelocity.Rudder
controlwasassumedtobe appliedinproportiontotheyawm angular
velocity,therebyincreasingthedampinginyawderivativeCnr;whereas,

aileroncont&olwasassumedtobe appliedinproportionto therolling
aW@a velocitycausingan increasetithedamping-in-rollderivativeClp.
Forbothcasesthestabilityequationisa quarticandthenecessaryand
sufficientconditionsforneutraloscillatorystabiMtyareshibr to
thoseconditionsdescribedinthepreviousdiscussionofanautomaticpilot
sensitivetoroll.

AutomaticPilotsensitiveto yawingangularvelocity.—Figure4 shows
theneutrsl-oscillatory+tabilityboundariesR2 = O,for C2p=-O.10>
4.30, and -o.~. Theboundariesindicatethatforcertainvaluesof C

%
oscillatorystabilityisobtainedprovideda definitelowerl~t of N%
is exceeded.However,as ACnr isfurthertncreased,a criticalvalue
isreachedbeyondwhichtheairplaneisunstable.Thisresultiscaused
by thefactthatifthedampinginyawismadeefficientlylarge,the
airplanemotioninyawisrestricted.Ifthemotionisthenanalyzedon
theassumptionthato~ twodegreesoffreedom(rollandsideslip)remain,
oscillatoryinstability@Ii occurfornegativevaluesof C2P(positive
effectivedihedral).(Seereference3.)

Theperiodanddampingrelationshipfor CZP=,-0.10and CnP = 0.15

forseveralvaluesof AC& arepresentedintable

figure4,whichcorrespondsto theairplanewithout
short-periodunstableosctitionandtwosubsiding
obtained.Whenthederivativeduetotheautomatic

—— .— _ ——..-.— .—.—— ——.._.. ‘.’

II(c). At pointA in

an automaticpilot,a
aperiodicmodesare
pilotACnr is intr~

--.—.——- .
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ducedora shiftflrompetitA topointB occurs,theinstabilityofthe
ehort=pbriodoscillationisimproved.CromxlmgthroughtheboundaryR2 = O
topoint”C causestheunstableshort-periodoscillatimtobecomssta%le. .
A heavilydampedloq-periodoscillationwhichisformedhorntheconibi–
nationofthetwosubsidingaperio~cnmdesalsoappearsforconditions .
correspondingtopointC. As A~r isincreaeednegativelybetween
pointC andpointD, theperiodoftheshort-periodoscillationincreases
andthedampingisimproved;therebygreatlyreducingthemmiberof cycles
requiredto damptohalfamplitudeas expressedby thevalueof C1/2.

TheeffectofincreasingA~ negativelyonthelong-periodoscillation,
istoreducetheperiodandto decreasethedamping.Thisosci~ati~
witha periodofabouti’.5secondsbecomesunstableuponpassingthrough
theboundary~ = O topointD. For AC& = ~. O,therootsofthe
stabilityequationshowthatthestableoscillatimbreaksdownintotwo
heavilydampedsubsidingaperiodicnmdesandtheunstableoscillation
becomesmoreunstable.Becauseofthecomparativelylongperiodofthe
unstableoscillatim,however,pilotsmightnotfindthistypeofinsta-
bilitycliffictit to COIltrOl .

Thustheresultsindicatethatan automaticpilotsensitivetothe
yawingangularveloci~andgearedto theruddercausesa markedimprove-
mentintheoriginalunstableshor@eriodoscillationwithoutintroducing
anyadditionalmodesofmotionwhichmightbe objectionabletothepilot.

AutomaticpilotsensitivetorollinRangularvelocity.–Theneutral–
osclllatory+tabilityboundaryR2 = O fortheairplaneequippedwith
anautomaticpilotsensitivetorollingangularvelocityispresentedin
figure5 forseveralvaluesof c~ . Theboundariesindicatethatoscil–

P
latorystabilityisobtainedprovideda definitelowerlimit’ofAC2 is
exceeded.An examinationoftheperiodanddampingoftheoscillatipm,
presentedintableII(d)for CZP= -0.1 clearlyshowsthat,although

theunstableshor%periodoecillaticmdoesbecomestableas ACZP is

increasednegatively,anyadditionaldamphginrollintroducedintothe
systemdoesnotimprovethedampingoftheoscillatimsufficiently”to
resultina satisfactory-dampingandperiodrelationship.Theeffectof
addingmore ACZ intothesystemis @ply to increasethedampingof

P
oneofthesubsidingaperiodicmodesWhilecausinga reductioninthe
dampingoftheother&ubsidingaperiodicmode. It Isimportanttonote
thatforsomeairplaneconfigurationsaddingmoredampinginroll.into
thesystemwillcausetheoscillatorymodetobecomelessstable.

---- . .— -.. -— —-- --. — .-— — _ _. —_ ._.—_____ .—.. ——. .__. -.
. .
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EffectofAutomaticStabilizationontheCriterionsfor “

SatisfactoryDamping-eriodRelationtip.

oftheOscillatoryMode

Thecurv~sthatdefinethesatisfactorydampin-periodrelationship
oftheoscillatorymodeas a functionoftheperiodarepresentedin
figure6. ThedashedcurverepresentstheNACAcriterion(reference7)
andthesolidcurverepresentsthemilitarycriterim(references8 and9).
Bothcurvesagreeverywelltitheachotherforperiodsgreaterthan
6 secondswhereasforperiodsfromo.8to6 seconds,themilitarycriterion
ismorestiingentthantheNACAcriterion.Forperiodssmallerthan0.8
ofa second,theNACAcriterionismoreconservativethanthemilitary
criterion.

Therelativemeritsofthesevereltypesof automaticpilotsdis-
cussedinthepresentpapercanbe clearlyseenby comparingthedamping-
periodrelationshipoftheoscillatorynmde,asaffectedlytheparticular
typeofautomaticpilot,withthecriterionsshowninfigure6. Curves

1— arepreeantedas a functionofthederivativeintroducedby the
‘f c@

automaticpilotforanautomaticpilotsensitiveto eithera displacement
inyaworrollinfigure7 andforan automaticpilotsensitiveto either
theyawingorrollingangularvelocityinfigure8. Onecurveof ~

%/2
ispresentedforeachoftheautomaticpilotsinvestigateddeHpitethe
faotthattwooscillatorymodesmayoccur,sincetheairplanemotionwould
“beobjectionabletothepilotifonlyoneoftheoscillatoryrmdesdoesnot
satisfythecriterionforthedamping~eriodrelationship.An improvement
intheoriginaldamping~eriodrelationshipas eachparticulartypeof
automati~pilotis introducedisnotedinfigwes7 and8 by thefact
that ~ changesfroma negativeto a positivesign.Foranautomatic

pilotsensitivetoa displacementin-yaw(thesolidcurveinfig.7) the
valuesof —c:/2 correspondtopointslocatedintheunsatisfactory

regionoffigure6 accordingtobothcriterions.Foranautomatic
pilotsensitiveto a displacem@tinroll(thedashedcurveinfig.7)
theoscillatorymodesatisfiestheNACAcriterionforvaluesof c2g

from-O.015to-OoO~. However,fortheperiodoftheoscillationd&ring
thisinterval,whichrangesfroma periodof1.4to ab~ut2.5seconds,the
militarycriterionisnotsatisfied.Thevaluesof m

forthedashed

curve in figure.8>w~ch corremn~ to ~ automaticpilots~Eitive~
therollingangularvelocity,inticatethatneitheroneofthecriterions
infigure6 is satisfied.Thesolidcurveinfigure8,whichcorresponds
to anautomaticpilotsensitivetotheyawingangularvelocity,shows

.

*

.

—-— ,—--- ——,- .—,. .— —-
,. ,. -, -
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I
I

that as A(& ticreasesnegatively,theoscillatorymodesatisfiesthe

l?ACAandmilitarycriterions.Anadditionaloscillatorymodeexists
whichalsosatisfiesthecriterionsfortherangeof A(@ shuwninthe

figure.However,as A&r continuesto increasenegativelyto a value
ofapproximately-25.0,thevalueof’C1/2 becomesnegative.(See
tableII(c).)

Figures7 and8 indicatethatforthishypotheticalsupersonic
airplanean automaticpilotsensitivetotheyawingangularvelocity,
whicheffectivelyincreasesthederivativeC~r,isthemostdesirable
typeofautomaticpilottobe usedto obtaina satisfactorydamping–
periodrelationshipof theoscillatorymode.

CONCLUSIONS

Thefollowingconclusicmsweredrawnfroma theoreticalinvesti–
gationcarriedoutto determinetheeffectofautomaticstabilizationon
thelateraloscillatorystabilityofa hypotheticalsupersonicaircraft:

1.An automaticpilotsensitivetoa di.splacemmtineitheryawor
rolJendenautomaticpilotsensitivetoeithertheya~ orrolling
-a velocity@roved thedaqd-ng-periodrelatiopshipoftheoriginal
unstableshor&periodoscillation.

2.Theonlyoneoftheseveraltypesofautomaticpilotsinvesti-
gatedwhichresultedinan oscillationthatsatisfiedtheNACAand
militarycriterionsforsatisfactorydamping-periodrelationshipis”an
automaticpilotsensitivetotheyawingangularvelocityandgearedto
theruddersothatruddercontrolisappliedinproportiontotheangular
veloci~.

LangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

LangleyAirForceBase,Ya.,Deceniber9,1948

. ..—. . . . ..—. — —..—— ——.—, ——-——. .— —-
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DERIVATIONOFTHENECESSARYANDSUFFICIENTCONDITIONSFOR

NEUTRALOSCIIUTORYSTAKELJTYANDCOMPLETESTABILITY

OFTHEQUIIi’TICEQUATION

By LeonardSternfieldandOrdweyB. Gates,Jr.

Thenecessaryandsufficientconditiomforneutraloscillatory
stabilityofthequinticequationarethatthecoefficientsofthe
stabilityequation

Ak5+Bx4+ ~3+~2+Ek+F=0 (Al)

satisfyRouthTsdiscriminantsetequalto zero

Rl=(BC- ~)(~-CF)-(BE -@2=0

~d that BC – AD and BE – J@ havetheEm si@c Theemession .
for RI= O canbe derivedby aSSUIII@tht thequinticequationhastwo
roots 1.= tiu,whereu is@e angularfrequencyoftheneutrallystable
oscillaticm.Thisassumptionisbaaedcmthefactthatfortheconditian
ofneutraloscillatqstabili~therealpertofthecomplexrootmust
be zero.If A = im is mibstitutedintheequation(Al)thefollowing
twoexpressionareobtained:

fklP-ch3+lb=o (A2)
I

~k I
–~2+F=o (A3)

I

I
Solvingequations(A2) and(A3) simultaneously,therebyeliminatingthe
& te~, givestieexpressi~

.

~2 .BE– AF
BC– AD (A4)

I

Substitutingequatian(A4)into“eitherequation(A2) or (A3) resultsin
I

Routh~sdiscrim.inant

(BHD) (D=) - (BE-@2 = O

It is seenfromequation(A4)thattheexpression

--:.,..,---- --’- ..,.,-’
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theangularfrequencyoftheneutrallystableoscillation.The
a representsthefrequancyoftheneutrallystableoscil.latian
BC –AD and BE – AF areof‘thesamesign,sincem musthave

a realvalueiftherootiB torepresentanoecillaticm.If BC -AD
and BE – AF areofMfferantsignand RI = O is satisfied,m is“an
-- q=tity ~d thetworootsofthequinticequationgiven
by k = & aretworealrootsequalinmagnitudebutoppositein sign.

Thenecessary~d sufficientconditicmsforcompletestabilityof
thequinticequatianarederivedinreference4 andexepresentedina
condensedformh referance5. A muchsimplermethodforobtaining
thesesameconditionsispresentedinthefollowinganalysis.

Assumethatthequinticequation \

AX5+B~4+~3+DL2+EX+F=()

hastheroots

h5 = a3

(A5)

Betweenthecoefficientsandrootsofthequinticequationthefollowing
relationshipsexist:

A=l (A6a)

B = -2~a1+ .@ – a3 (A6b)

2 + b22+ 4ala2+ 2a3~al+ %2)c = a12+ b12+ a2 (A6c)

D= [(
~ alS22+ b22)

(-a3a12 +%2+

( )(E = a12+ b12 a22+ b22)

[( )(+ 2a3al a22+ b22 + % a12+ b12.)1 (A6e)

( )1
+qala+ b12

b12+ b22+ %%) (Am)

.. ——.— .. ..— — —.. -— .— ——-——-.-—-———— --—------ -.-— -.-— -—.
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1? (. -a3 a12+b12)(?#+b#)
NACATN NO. 1818

.

(A6f)
.

Therequirementforcompletestabilibisthat ~, ~, ad a3

be negative.S@stitutianofnegative values of al,a2,’and a
3

makee
allthecoefficientsTositive;therefore,thefirstconditionfor
completestdbilityiathatallcoefficientsbe positive.Fromequatian(A6f)
itcan%e seenthattheF coefficientwillbe positiveonlywhen a ia

3
negative.Thisfirstcondition,therefore,onlyinsuresthestability
oftheroot X~ = a3. Additionalrequirementsareneededtomake al
end a2 negative.Ontheboundarybetweenstabilityandinstability,
where %2= O,theequations(A6)become

A=

B=

c=

D=

E=

F’

1

-2~ –a3

~2 +b12+b22 +2a3a1

+~b22
(

2 + b12+ b22-a3%l )

(a12+ bl )2 b22+ 2a3alb22

(a 2+b12)b22*3 1

(A7)

thatis,fiveequationsinthefourvariables~, a3,bl,~d b2.
EliminationofthesevsriablesleadstoRouthrsdiscriminant

R1 = (BC–~)(DE -W) – (BE–-@2 = O “

whichwasderivedby a nmchsimplerprocedureintheprecedinganalysis
oftheconditionsnecessaryforneutraloscillatorystability.It is
apparentthatthisdiecr~t canbe equalto zeroonlyif BC – AD
and DE – Cl?areofthesamesign.when * = O thefollowingrelation-
shipcanbe obtainedfromequations(A7):

BC – AD = <al(a32+ a12+ b12)-ka3a12
,

Since a3 mustbe negativeifallcoefficientsarepositive,BC - AD
mustbe positiveif ~ isnegative.Therefore,DE - CF must~SO be

— —— —..= :-”,.- ,-
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positiveifthediscrimlnantistobe equalto zero,whichimplies

that BC>AD and DE> CF. Then C>$2 and C<y, alao ~>~;

therefore,
BE –AJ?>o (A8)

Thus,forcompletestabilitya secondnecessaryconditionisthat BE -AF
mustbe greaterthanzero.

It canbe shownfromthesimultaneoussolutionof equatians(A7),
where~ = O,that

BE–AI?= [( )1=al E + B + 2a12b2

Sincethetermswithinthebracketareallpositive,BE ~AI?’>O if,
~a OtiY if, al is negative. Thisverifiesthecorrectnessof
equation(@).

In orderto determinethesignofRouth?sdiscriminantfora condi-
tionofcompletestability,itisonlynecessaryto substitutetheroots
of a completelystablecaseintoequatime(A6)andformthediscriminant.
Thissubstitutionestablishesthecriterionthatforcompletestabili~

RI = (BC-AD)(DE-CF) - (BE– ~)2>o (A9)

In mmmary,thenecessmyandsufficientconditionsforcomplete
stabilityofthequinticequationarethatallcoefficientsmustbe
positive,BE –Al?>0, andRouth~sd.iscriminantmuetbe positive.The
‘conditionsobtainedasa resultofthisanalysisagreewiththeconditions
aspresentedinreference5. Theconditionsetatedinreference5 are
entirelyadequatealthoughtheydonotspecificallystatethatthecoeffi–
cientsC and E mustbe positive,sincetheconditionthat BE – Al?
mustbe greaterthanzeroinherently’demndsthatthesetwocoefficients
be positiveas is evidentfromthederivationofthisconditioninthe
precedingenaly13is.

. —. —...—.=. ——
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TABLEIN-STABILITYDERITATIXl!SANDMASS~~cs
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TABIZII.–PERIODANDDAMPINGOFTHEOSCIXZATORYMCIDl!S

ANDDAMPINGOF’THEAPEKUJDICMODES

[ %p 1=-0.1
.

(a) Automatic 2ilot SensitivetoDisplacementinYaw

A

B

c

D

E

cnp

).15

.15

.13

.15

.15

.15

.15

●55

.55

●55

.55

●55

●55

●55

cn~

o

–. 002

–.003:

–.13

–.15

–.20

–.40

0

–.00$!

–.003:

–.02

-.10

–.20

–.40

o

.02

.03:

1.3

1.5

2.0

4.0

-----

.02

.03:

.2

1.0

2.0

4.0

P

[

3.62
--.--
-----

L
3.61
9.2

[

3.61
44.2
2.73

10.3

[

2.62
10.0
2.45
9.40

{
1.96
8.65

[

1.95
-----
--s-.

{
1.95

88.5

{
1.95

66.8

{
1.93
29.7

{
1.79

15.6

L
1.70
.5

L
1.50
0.>

latory
T1/2

–7.6
------.
------.

-7.84
247.0
–7.97

-835.0
-217.0

–3.75
330.0
–3● 5:
68.0
;;.?

.
-2.72
IJ.6

------ .
------ .

11.6
34g.:

=5:0
U*2
46.5
10.2
–7.2E

2:;:
9.0

–30n

de
cl/2

+.11
-------
-------
-2.18
4.18
-2.20
-18.9
–78.5
–e364

126.0
–*35:
27.8
–.34:
13.6
–.314
5.95

------.
-------
5*95
3*92
5.95

–X2.4
5.80
–.89z
5.70
–.466
5.70
–*39:
6.0
–=35:

periodic
mode
T1/2

0.827
32.7

.&m5
------

.814
------

.658
------

.650
-------

.637
------

.611
------
1.06

58.3

1.;5
------
1.05
------

.975
------
.830

------
.755

------
.692

------
\&y

.

.
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TABLEII.–Continued

(b)AutomaticPilotSensitivetoDisplacementinRbll

Pointi

A

B

c

0.15

●15

.15

.15

.15

.15

.15

.45

.45

.45

.45

.45

.45

.45

.45

0

–.O(IE

–e 012

–.022

–.050

–.10

-.20

0

-.008

–*012

-.022

-.040

~.050

-.100

-.200

0

o

.08

.12

●22

●50

1.0

2.0

0

.08

.12

.22

.40

‘.50

1.0

?.0

Oscillatorymode

P %/2

-7.&
-----
-9.21
1.6t
9.7(
2.57
3.3(
5*G
2.65
8.6C
2.511
10.7C
2.4&
11.7c
18.70
-----.
102.0
1.87

40.80
1.75

L06.60
1.86
3.03
4.64
2.82
5.23
2.56
6.47
2.49
6.99

%/2

-2.11
-------
-2.93

●401
3.81
.684

1.59
1.44
1.96
2.3o
2.63
2.85
3.64
3.11.
8.66------

47.70
● 533

19.20
.61

33.80
.EE?7

1.98
2.15
2.06
2.41
2.66
2.98
3.67
3.22

Aperiodic
mode
T1/2

o.&7
32.7
------
------
------
.-----
-.----
------
------
--m---
------
------
------
------
1.03
53●30
------
------
------
------
------
------
------
------
.-----
.-----
.-----
.-----
.-----
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TABLEII.–Continued

(c)AutomaticPilotSensitivetoYawingAngularTelocity

Points %lp

A 0.15

B .15

c .15

●15

o

-* 733

4.40

–7.33

0t3cil.lato~mode lAperiodic
mode
~1/2P

I T1/2 I %/2 I

o

.05

.30

.50

{

3.62------

{
3.66

-----

{
3.84

179.90

{
4.13

16.00
f5.68

–7.65-------
–14.96
-------

4.38
1.51
2.11
1.45
.647
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